We investigate sufficient conditions, and in case that D be an asymmetrical digraph a necessary and sufficient condition for a digraph to have the following property: "In any induced subdigraph H of D, every maximal independent set meets every non-augmentable path". Also we obtain a necessary and sufficient condition for any orientation of a graph G results a digraph with the above property. The property studied in this paper is an instance of the property of a conjecture of J.M. Laborde, Ch. Payan and N.H. Huang: "Every digraph contains an independent set which meets every longest directed path" (1982).
Introduction
For general concepts we refer the reader to [1] . Let Then any maximal independent set of D meets every non-augmentable path of length at most m.
P roof. We proceed by contradiction. Suppose that D satisfies the hypothesis but there exists a maximal independent set S and a non-augmentable path T = (x 0 , x 1 , . . . , x n ) of length n, n ≤ m such that S ∩ T = ∅. Since S is a maximal independent set, T non-augmentable and S ∩ T = ∅, we have that there exists y ∈ S such that (x 0 , y) ∈ A(D) and (y, x 0 ) / ∈ A(D). Notice that since T is non-augmentable and S ∩ T = ∅; there is no {x n }S-arc in D. So we can define: p = min {t ∈ {0, 1, . . . , n} | there is no {x t }S-arc in D}. Observe that the above observation implies p ≥ 1. Moreover, since S is a maximal independent set, the definition of p implies that: There exists y 1 ∈ S such that (y 1 , x p ) ∈ Asym (D).
We will get a contradiction from the following assertion:
In order to prove (I) we proceed again by contradiction; suppose that there exists t, (0 ≤ t ≤ p) such that (y 1 , x t ) / ∈ A(D) and let
Since k < p the definition of p implies that there exists y 0 ∈ S such that (x k , y 0 ) ∈ A(D).
To prove proposition (I.1) we proceed by contradiction. Suppose that there exists t (k ≤ t ≤ p − 1) suth that (x t , y 0 ) / ∈ A(D) and let = min {t ∈ {k, k + 1, . . . , p − 1} | (x t , y 0 ) / ∈ A(D)} be.
It is a direct consequence of the definition of .
It follows directly from the definition of k.
It is a consequence of Definition 1, (I.1.a) and (I.1.b).
The hypothesis of Theorem 1 and (I.1.c) imply
, (x , y 0 )} = ∅ (because {y 0 , y 1 } ⊆ S and S is an independent set). Now, notice that the definition of implies (x , y 0 ) / ∈ A(D); and the definition of k implies (y 1 , x k ) / ∈ A(D). So Proposition (I.1) is proved.
It follows directly from the definition of y 1 and the definition of k.
It is a direct consequence of (I.1) and (I.2). Now (I.3) and the hypothesis of Theorem 1 imply
and the definition of y 0 and p imply (x p , y 0 ) / ∈ A(D).
and H an induced subdigraph of D. Then any maximal independent set of H meets every non-augmentable in H path of H whose length is at most m.
Corollary 2. Let D be a digraph such that for each natural number i,
Then for any induced subdigraph H of D, every maximal independent set of H meets any non-augmentable in H path of H.
Then any maximal independent set meets every non-augmentable path of length at most m.
P roof. We proceed by contradiction. Suppose that D satisfies the hypothesis but there exists a maximal independent set S and a non-augmentable path T = (x 0 , x 1 , . . . , x n ) of length n, n ≤ m such that S ∩ T = ∅. Since S is a maximal independent set, T non-augmentable and S ∩ T = ∅ we have that there exists y ∈ S such that (y, x n ) ∈ A(D) and (x n , y) / ∈ A(D). Notice that, since G is non-augmentable and S ∩ T = ∅; there is no S{x 0 }-arc in D. So we can define p = max {i ∈ {0, 1, . . . , n} | there is no S{x i }-arc in D}, the observation of above implies p ≤ n − 1. Moreover, since S is a maximal independent set, the definition of x p implies that there exists y o ∈ S such that (x p , y 0 ) ∈ Asym (D).
(In particular, (x n , y 0 ) ∈ A(D) and then the succession (x 0 , x 1 , . . . , x n , y 0 ) is path contradicting that T is non-augmentable).
In order to prove (I) we proceed again by contradiction; suppose that there exists j,
We proceed by contradiction to prove Proposition (I.1). Suppose that there exists t (p + 1 ≤ t ≤ k) suth that (y 1 , x t ) / ∈ A(D) and let = max {t ∈ {p + 1, . . . , k} | (y 1 , x t ) / ∈ A(D)} be.
It is a consequence of (I.1.a) and (I.1.b). The hypothesis of Theorem 2 and (I.1.c) imply
, and the definition of k implies (x t−1 , y 0 ) ∈ A(D). So, we have {(x t−1 , y 0 ), (y 0 , x t )} ⊆ A(D) and then the succession (x 0 , x 1 , . . . , x t−1 , y 0 , x t , . . . , x n ) is a path. A contradiction (because T is non-augmentable). 
It is a direct consequence of (I.1) and (I.2).
Now (I.3) and the hypothesis of Theorem 2 imply
The definition of p, and the fact y 0 ∈ S imply t = p,
and so the succession (x 0 , x 1 , . . . , x t−1 , y 0 , x t , . . . , x n ) is a path. A contradiction. If A(D)∩{(x j , y 1 ) | p ≤ j ≤ k −1} = ∅, then there exists t, p ≤ t ≤ k −1 such that (x t , y 1 ) ∈ A(D). Since p + 1 ≤ t + 1 ≤ k, it follows from (I.1) that (y 1 , x t+1 ) ∈ A(D). Hence {(x t , y 1 ), (y 1 , x t+1 )} ⊆ A(D) and the succession (x 0 , x 1 , . . . , x t , y 1 , x t+1 , . . . , x n ) is a path. A contradiction.
If
, (x k , y 0 )} = ∅ because {y 0 , y 1 } ⊆ S and S is an independent set. But the definition of p (and the fact y 1 ∈ S) implies (y 1 , x p ) / ∈ A(D) and the definition of k implies that (x k , y 0 ) / ∈ A(D). So Proposition (I) is proved.
Corollary 4. Let D be a digraph such that for each natural number i,
Then for any induced subdigraph H of D, every maximal independent set of H meets every non-augmentable in H path of H.
Theorem 3. Let D be an asymmetrical digraph. The two following statements are equivalent:
(ii) For any induced subdigraph H ⊆ * D it holds that every maximal independent set of H meets each non-augmentable in H path of length at most m.
P roof. It follows directly from Theorem 1 that (i) implies (ii). Now suppose (ii) holds and let
is a non-augmentable in H path of length i ≤ m, and S = {y 0 , y 1 } is a maximal independent set in H such that S ∩ T = ∅ contradicting our assumption (ii).
If β is a class of graphs, a graph G is said to be a β-free graph whenever G has no induced subgraph isomorphic to a member of β. In what follows, we will denote by F the set F = {F 1 , F 2 } where F 1 , F 2 are the graphs of Figure 2 .
Theorem 4. Let G be a graph. The following statements are equivalent:
(ii) For any orientation G of G and any induced subdigraph H ⊆ * G of G; if T H is a non-augmentable in H path and I H is a maximal independent set of H, then T H ∩ I H = ∅.
P roof. First let G be an F-free graph and G any orientation of G. We will prove the following assertion:
We consider two possible cases:
is an induced subdigraph of G. In this case we have i ∈ {1, 2} because if i ≥ 3 then G[{x 0 , x 1 , x 2 , x 3 }] is an induced subgraph of G isomorphic to F 1 , contradicting that G is F-free.
When i = 1, we have D 1 ⊂ G and hence F 1 ⊂ G (notice that the underlying graph of D 1 is isomorphic to F 1 ). Since G has no induced subgraph isomorphic to F 1 we have A(D) ∩ {(x 0 , y 1 ), (y 1 , x 0 ), (y 0 , x 1 ), (x 1 , y 0 ), (y 0 , y 1 ), (y 1 , y 0 )} = ∅ and (a) holds.
When i = 2, we have D 2 ⊂ G and hence F 2 ⊂ G (notice that the underlying graph of D 2 is isomorphic to F 2 ). Since G has no induced subgraph isomorphic to F 2 , we have A(D)∩{(x 0 , y 1 ), (y 1 , x 0 ), (y 0 , x 2 ), (x 2 , y 0 ), (y 0 , y 1 ), (y 1 , y 0 )} = ∅ and (a) holds. 
Let j, k ∈ {0, . . . , i} such that k − j = max {r − s | s < r, {(x r , x s ), (x s , x r )} ∩ A(D) = ∅}; the choice of k and j implies that the undirected path (x 0 , . . . , x j , x k , x k+1 , . . . , x i ) is an induced subgraph of G. Since G has no induced subgraph isomorphic to F 1 (notice that F 1 is the undirected path of length 3), we have that the length of the undirected path (x 0 , x 1 , . . . , x j , x k , x k+1 , . . . , x i ) is one or two. We will analyze the two cases:
Case 2.1. The length of (x 0 , . . . , x j , x k , . . . , x i ) is one. In this case j = 0, k = i = 1 and the underlying graph of D[{y 0 , x 0 , x 1 , y 1 }] is isomorphic to F 1 . Now since G has no induced subgraph isomorphic to
Case 2.2. The length of (x 0 , . . . , x j , x k , . . . , x i ) is two. In this case j = 0, k = i − 1 or j = 1 and k = i; in any case the underlying graph of D[{x 0 , . . . , x j , x k , . . . , x i }∪{y 0 , y 1 }] is isomorphic to F 2 . The choice of j and k, and the fact that G has no induced subgraph isomorphic to
So Proposition (a) is proved. Hence it follows from Corollary 1 that any maximal independent set of H meets every non-augmentable in H path of H. We conclude (i) implies (ii). Now let G be a graph satisfying property (ii). If G contains an induced subgraph isomorphic to F 1 , say V (F 1 ) = {y 0 , x 0 , x 1 , y 1 }, E(F 1 ) = {y 0 x 0 , x 0 x 1 , x 1 y 1 }. Then considereing the orientation G of G (where
is a non-augmentable in H path of H and I H = {y 0 , y 1 } is a maximal independent set of H such that T H ∩ I H = ∅ contradicting the assertion (ii).
If G contains an induced subgraph isomorphic to F 2 , say F 2 = G[{y 0 , x 0 , x 1 , x 2 , y 1 }], V (F 2 ) = {y 0 , x 0 , x 1 , x 2 , y 1 }, E(F 2 ) = {y 0 x 0 , y 0 x 1 , y 1 x 1 , y 1 x 2 , x 0 x 1 , x 1 x 2 }. Then considering the orientation G of G where V ( G) = V (G)
A( G) = {(y 0 , x 0 ), (y 0 , x 1 ), (y 1 , x 1 ), (y 1 , x 2 ), (x 0 , x 1 ), (x 1 , x 2 )} ∪{(y, z), (z, y) | |{y, z} ∩ V (F 2 )| ≤ 1}
we have: H = G[{x 0 , x 1 , x 2 , y 0 , y 1 }] is an induced subdigraph of G, T H = (x 0 , x 1 , x 2 ) is a non-augmentable in H path of H and I H = {y 0 , y 1 } is a maximal independent set of H such that T H ∩ I H = ∅ contradicting (ii).
Observation 1.
Notice that D i contains no induced subdigraph isomorphic to D j , for each j, 1 ≤ j < i; and D i is a digraph with a non-augmentable in D i path namely T = (x 0 , . . . , x i ) and a maximal independent set α = {y 0 , y 1 } such that T ∩ α = ∅. 
